Abstract Interpolation using ternary subdivision is an attractive characteristic in geometric modeling due to its advantage over commonly used binary subdivision. In this paper, a new ternary interpolatory subdivision scheme with one parameter based on arbitrarily triangular meshes is proposed. It can be used to any polyhedral meshes with arbitrary topology. The sufficient conditions of the convergence and the tangent plane continuity of the presented subdivision scheme are obtained using geometric methods and algebraic manipulations. It is simple, fast and has a better local property in comparison with the existing ternary interpolatory surface subdivision schemes.
Introduction
Subdivision schemes have become important for their efficiency, convenience, flexibility and arbitrary topological properties. They can be classified in approximating and interpolating ones. There have been some results in the area of binary interpolatory ones [1] [2] [3] [4] . Recently ternary subdivision has attracted much attention [5] [6] [7] [8] [9] [10] [11] [12] . Generally speaking, ternary subdivision scheme performs quicker topological refinement than the usual dyadic split operation, so we can get a quicker generation of a subdivision curve or a subdivision surface by using a ternary one than by using a binary one. Ternary interpolatory subdivision scheme unites the advantages of interpolatory subdivision and ternary subdivision. For example, the 4-point ternary interpolatory subdivision scheme [6] can generate higher smoothness than the 4-point binary one [1] by using the same number of control points.
Due to the good properties of the 4-point ternary one, much attention has been given to extend its ability in modeling interpolatory surfaces. Li and Wang et al generalized it to the ternary interpolatory subdivision schemes based on quadrilateral meshes with arbitrary topology [9] [10] , respectively. Dodgson et al generalized it to the ternary interpolatory subdivision scheme based on regular triangular mesh [11] , but the actual continuity analysis need to be performed. Zheng and Ye discussed the constructions and analyses of smooth ternary interpolatory subdivision schemes based on regular triangular meshes [12] , but the local properties of the subdivision schemes need to be improved.
In this paper, a new ternary interpolatory subdivision scheme with one parameter for triangular meshes with arbitrary topology is proposed and analyzed. It can be used freely to refine any polyhedral meshes with arbitrary topology. The parameter is introduced to control and modify the shape of the subdivision surface. It is shown that the presented subdivision scheme can generate a tangent plane continuous interpolatory subdivision surface.
A new ternary interpolatory subdivision scheme for triangular meshes with arbitrary topology
In this section we propose a new ternary interpolatory subdivision scheme for triangular control meshes with arbitrary topology. Since the subdivision scheme is interpolatory, we leave all the old control points (V-points) unchanged, introduce one new face-point (F-point) for a triangular face, and two new edge-points (E-points) for an old edge in the old control mesh. We use a 1-to-9 triangle connecting rules for every triangular face and the connecting result is illustrated in Fig. 1 .
Since we want to develop simple rules for a smooth ternary interpolatory subdivision scheme, the geometric smoothing rules to create new points need to be simple. They are as follows.
(1) Keep the old V-points unchanged.
(2) The new F-point F corresponding to each inner triangular face (see the shadowed region in Fig.2(a) ) is computed by using a 6-nerghborhood stencil according to the following expression ( ) ( F P P P P P P ) ,
where 2 1 , 3 3 η μ κ μ = − = − , and μ is the parameter. Its stencil is depicted in Fig. 2(b) . While a 12-nerghborhood stencil is used in [11] and thus the face-point rule is more complicated than (1) . (3) In the case of open triangular mesh, for triangular face containing one or two boundary edges (see the shadowed region in Fig. 2(c) , here boundary points of the mesh are marked by circular hollow dots), where some stencil points for the new F-point rule may not exist, virtual points are introduced to use the normal new F-point rule (2) (see Fig. 2 (c), virtual point is marked by square). (4) The two new E-points corresponding to an ordinary edge (see Fig. 3(a) , where both of the two end points and are ordinary points with vertex order of 6) of each inner triangle are computed by using a 6-nerghborhood stencil according to the following expression and that of is depicted in Fig. 3 (c). While the new edge-points are computed by using a 10-nerghborhood stencil in [11] and a 8-nerghborhood stencil in [12] respectively, so both of the edgepoint rules are more complicated and can only be used in the case of regular triangular mesh. (2) ; If is still computed by (3).
suppose the direct neighbors of are and (see Fig. 4 (a)), we have
, ,
where , α β and γ are as before, ( ) E P P P P P 7 . ( E P P P P ) ( ) E P P P P .
In the case of open triangular mesh, to get two new E-points for boundary edges, virtual points can be introduced to use the new E-points rules (4) or (5) .
Thus, in all the cases we can get new E-points for an edge according to the values of vertex order and of the two end points and P of the edge. emark. The ternary inte n can be used to refine 3. Analysis of convergence nce and the continuity property of the presented subdivision scheme in order of n and all the poi It is always assumed ll sub od n.
Theorem 1. If , when
R rpolatory subdivision scheme proposed in this sectio any polyhedral meshes with arbitrary topology. If the initial control mesh is not triangulated and is a polyhedral mesh with an arbitrary topology involving non-triangular faces (extraordinary faces) and extraordinary vertices in it, we need a pretreatment process to get a triangular mesh. We can attain our goal by introducing a barycenter for each extraordinary face and connecting it to every old points of the extraordinary face. Thus we can generate a triangulation. So the presented subdivision scheme can be used to deal with any polyhedral meshes of arbitrary topology.
The analyses of the converge Section 2 may be done locally by the observation that after one subdivision step, all points sharing neighbors of an extraordinary point are ordinary points (with vertex order of 6).
The local region to be studied consist of an extraordinary point v with vertex nts of the triangular mesh sharing an edge with v (see Fig. 6 ). These points shall be contained in the set In this case the points in P are computed according to (4) . The proof is done by analyzing the eigenstucture of the subdivision matrix.
4.
It is easy to know that in this case, when 1 9 3 μ 2 < < , the surfaces generated by the ternary subdivision scheme converge at the extraordinary point with vertex order of v 4 n = . Case 3.
In this case the points in P are computed according to (6) . Since in this case the eigenvalues of subdivision matrix are
it is obvious that the surfaces generated by the ternary subdivision scheme converge at the extraordinary point with vertex order of . ■ v 3 n =
Analysis of tangent plane continuity
About the tangent plane continuity of the subdivision scheme we have the following theorems. 
− By using the concepts of discrete convolution and discrete inverse Fourier transform, we can find that as k , ( here * denotes discrete convolution), namely If and are not parallel, from (7) we know that as k , the vectors T ' s will lie in a plane determined by and , which will be the tangent plane of the subdivision surface at the extraordinary point and whose normal vector will be
If and are parallel, we may prove it by disturbing the local region around slightly. Proof. It is easy to know that the subdivision scheme satisfies the necessary condition of tangent plane continuity for 2 1 9 3 μ < < . , , , ,
Furthermore, we find that as k , the unit edge vectors → ∞ 
Case 2.
. The proof is similar to case 1. 3 n = In conclusion, Theorem 3 holds. ■ Fig. 7 show the results of applying the presented algorithm after four subdivision steps for the same initial triangular control mesh (see Fig. 7(a) ). In Fig. 7 μ = respectively. According to the theorems presented in this paper both of the limit surfaces will be tangent plane continuous.
(a) (b) (c) Fig. 7 Initial control mesh and the subdivision surfaces generated by applying the presented scheme
Conclusions
In this paper, we present a new interpolatory subdivision algorithm for triangular control meshes. It can be used to deal with not only extraordinary faces but also extraordinary vertices in polyhedral meshes of arbitrary topologies. Implementation of the presented algorithm is easy, efficient and fast because of its local, ternary and simple properties.
